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Hybrid Prismatic/Tetrahedral Grid Generation
for Viscous Flow Applications

Dmitri Sharov* and Kazuhiro Nakahashif

Tohoku University, Sendai 980-77, Japan

A method for the automatic generation of unstructured grids composed of tetrahedra and prisms is proposed.
The prismatic semistructured grid is generated around viscous boundary surfaces and covers viscous regions,
whereas the tetrahedral grid covers the rest of the computational domain. The Delaunay approach for tetrahedral
grid generation is used. The proposed prismatic grid is structured in directions normal to the boundary faces, but
the number of prisms generated from one boundary face is variable from face to face. Unlike conventional prismatic
grid generators, this technique works well even in regions of cavities and gaps. The Delaunay background grid
generated for surface nodes serves as an efficient data structure to check possible intersections of prisms. Particular
attention is given to the boundary-constraining problem. A robust algorithm for the boundary recovery by edge
swapping followed by a direct subdivision of tetrahedra is used. Grid examples for internal and external flow
problems of complex shapes demonstrate the efficiency of the method.

I. Introduction

FLUID dynamics computations in complex geometries impose
heavy demands on the generation of computational grids. Un-

structured grids offer great promise for the solution of this problem
because of their flexibility to fit complex computational geometries
and their refinement capabilities. There are many general and ro-
bust algorithms for the generation of two-dimensional grids in a
complex domain; however, their extension to three dimensions still
involves a problem, and automatic generation of three-dimensional
unstructured grids is recognized to be one of the central problems of
computational fluid dynamics unstructured grid computations. Grid
generation for viscous flow applications is especially complicated
because different requirements are imposed on viscous and inviscid
parts of the flowfield.

Usually viscous flow regions require high-aspect-ratio grid cells.
The problem is the generation of such stretched elements and the
avoidance of large grid angles (obtuse triangles/tetrahedra) lead-
ing to exceedingly high truncation error. The only reliable way of
achieving stretched elements in the context of unstructured grids is
to generate 90-deg triangles or rectangles in shear layer regions. In
the three-dimensional case, tetrahedra should contain an edge that
is normal to one of its faces or prismatic and/or hexahedral ele-
ments should be generated. Depending on the capability of the flow
solver to handle different types of elements, the prisms and hexahe-
dra can be divided into tetrahedra (see, for instance, Refs. 1 and 2).
However, a more efficient technique is to retain prismatic or hex-
ahedral elements and, moreover, to merge tetrahedra to prisms, if
possible.3 -4 This merging can considerably reduce the number of cell
interfaces, which directly influences the code efficiency. Mavriplis
and Venkatakrishnan5 have shown that merging can save up to 30%
of the computational time.

Available unstructured viscous grid generation algorithms can be
divided into three groups. One group involves fully unstructured uni-
form algorithms, which use different point placement strategies in
viscous and inviscid regions. Among them are viscous extensions of
the advancing front method: the advancing layer method of Pizadeh6

and the normal point placement technique for the Delaunay method
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proposed by Rebay7 and Mu'ller8 for two-dimensional cases and
by Marcum3 for two- and three-dimensional cases. These methods
provide fully triangular/tetrahedral grids.

The second group also produces a tetrahedral grid, but direc-
tional refinement is used to generate stretched tetrahedra in viscous
regions.9-10

The third group involves hybrid algorithms, which treat vis-
cous and isotropic grids separately and merge them into one non-
overlapped grid. This approach seems to be attractive because most
natural methods can be used for both viscous and inviscid regions.
These methods usually start from a structured or prismatic grid gen-
erator for a stretched grid and apply the advancing front method
to generate tetrahedra in the remainder of the domain (see, for in-
stance, Refs. 1, 2, and 11). Fully prismatic grids12 are suitable for
external flow problems with fairly simple shapes; however, their
two-dimensional analog is a conventional rectangular structured
grid. Thus, prismatic grids cannot take full advantage of unstruc-
tured grids to fit complex geometry. Retaining the prismatic structure
from one triangular layer to another might produce a distorted grid
in regions of cavities and gaps. Kallinderis et al.11 applied the gen-
eration of prismatic grids only in viscous regions, and the rest of the
domain was filled by tetrahedra using the advancing front method;
however, the use of this method for gridding of cavities and gaps
still might be problematic. The effective technique here is to remove
structured grid elements (prisms or hexahedra) when they become
distorted or intersect each other. This idea was applied by Lohner2

on a structured grid in the viscous region and used by Connell and
Braaten1 for prisms. After such a semistructured grid is generated,
the rest of the domain is filled by tetrahedra using the advancing
front approach.

The objective of this paper is to propose a new efficient, robust,
and automatic method for hybrid grid generation in complex ge-
ometries. The hybrid algorithm presented here follows the idea of
mixing semistructured prismatic and tetrahedral grids, but the De-
launay method is used to generate tetrahedra and to obtain a search
data structure for checking prism intersections.

The choice of the method for tetrahedral grid generation is crucial
for the efficiency and robustness of the code. The advancing front
or Delaunay (incremental insertion) approach is usually used. The
Delaunay incremental insertion method seems to be attractive for
the following reasons.

1) Unlike the advancing front method, the Delaunay method re-
quires no global search or special tree-search algorithms.

2) The Delaunay method does not require the generation of a
separate background grid, which usually requires user input. More-
over, a very natural background grid is automatically obtained after
the insertion of boundary points into triangulation and boundary
recovery.
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3) The Delaunay approach offers the advantage of a strong math-
ematical basis.

4)The main bottleneck in Delaunay tetrahedral meshing, the
boundary recovery problem, can now be solved more or less ef-
ficiently.

The issue of three-dimensional boundary recovery merits more
detailed discussion. Several approaches to solving this problem have
been proposed.13"17 The simplest method assumes that a tetrahe-
dral mesh contains all faces conforming to the boundary surface.
In this case, tetrahedra located outside the computational domain
are removed and boundaries of the remaining mesh represent new
boundary surfaces. Unfortunately, this method does not work if some
tetrahedra penetrate through the boundary surface. Moreover, this
method produces new boundary surface triangulation that is not ex-
actly equivalent to the original one. This is unacceptable for hybrid
grid generation, where altering of the boundary surface (inflated
surface produced by prismatic grid) is not desirable.

Other approaches13-16 are aimed at preserving the original surface
triangulation. The method proposed by Weatherill and Hassan13 re-
covers the original boundary surfaces by inserting extra points along
the boundary. This method directly cuts all tetrahedra penetrating
through the boundary faces and appears to be a very efficient tool
for recovering complex boundaries. However, the position of the ex-
tra points cannot be controlled, and thus distorted boundary surface
triangulation may occur.

The method proposed by George et al.16 uses three-dimensional
edge swapping along with extra point insertion inside the volume
grid. This method is mathematically well justified and preserves
the boundary surface exactly. However, in practice, the grid quality
problems might arise because the location of the extra points cannot
be properly controlled. Implementation of the method may also run
into problems associated with round-off errors when the extra point
position is determined.

We use here a combination of the preceding three approaches
that is suitable for the recovery of inflated surfaces. Unlike in
Refs. 13 and 16, our method reduces extra point insertion to a min-
imum based on algorithms described by the authors in Ref. 17. The
main feature of the implementation to the hybrid grid generation
case is advancing front insertion of boundary points along with
boundary recovery by three-dimensional swapping.

In the present approach, the Delaunay method is used not only
for the generation of the tetrahedral mesh but also for checking
the possible intersections of prisms. The proposed prismatic grid is
structured only in directions normal to the boundary surface, but the
number of prismatic layers is arbitrary for different boundary faces.
Therefore, if an inappropriate prism is produced, the advancement
from the face is terminated. As a result, a stepped, inflated boundary
surface is formed. The next stage is the construction of a tetrahedral
grid starting from this new boundary.

II. General Algorithm
In this section the basic strategy of the proposed grid generation

method is given. Details on important steps of the procedure will
be considered in following sections. We assume here that surface
triangulation is given in advance. We use surface grids obtained by
the advancing front surface generator.18 The proposed hybrid grid
generation algorithm is as follows.

1) Generate the Delaunay tetrahedral background grid containing
all boundary nodes.

2) Recover all boundary faces.
3) Compute a distribution function for all boundary points.
4) Generate a prismatic grid using the Delaunay grid as a search

data structure for the detection of possible prism intersections. Use
the distribution function for automatic termination of advancement
from each face.

5) Generate a new Delaunay background grid containing new
boundary nodes. The inflated surface obtained after the generation
of prisms serves as a new boundary surface.

6) Recover all faces belonging to the new boundary and remove
the external tetrahedra.

7) According to the point distribution function computed for the
boundary points, create new internal points by the Steiner advancing
front insertion.

Fig. 1 Swappable five-node configurations.

8) Optimize the tetrahedral grid according to the MinMax crite-
rion and remove possible slivers.

III. Generation of Tetrahedra
The method for tetrahedral grid generation is based on the three-

dimensional edge swapping concept described in Ref. 19 and based
on the Lawson theorem.20 This approach has been used, for in-
stance, by Marcum and Weatherill21 and by the authors.17'22 There
are some advantages of this method over the widely used Watson
method. First, this method can produce grids optimized by some
mesh quality measure other than the Delaunay circumsphere test.
This is important because the three-dimensional Delaunay grid can
result in poorly shaped tetrahedra. Second, this method can be ap-
plied to recover boundary faces.16'17 Unfortunately, the boundary
recovery by the three-dimensional edge swapping is not always suc-
cessful, and other heuristic methods should be applied in this case.

The three-dimensional incremental insertion methods are very
sensitive to round-off errors. If the error occurs during the convexity
test (computation of tetrahedra volumes), the code may generate
tetrahedra with negative volume that results in a fatal error in data
structure. We use integer arithmetic to overcome this problem.22

Details on the procedure of incremental insertion by three-
dimensional edge swapping can be found, for instance, in Ref. 22.
We give here just a brief description of swapping cases because
the procedure is used not only for point insertion but for boundary
recovery as well.

For each face to be swapped, we consider a five-node configu-
ration: three nodes belonging to the face and two nodes opposite
the face. The configuration is swappable if the five-node configura-
tion is convex.19 The swappable configurations are shown in Fig. 1.
Three cases can be realized.

1) Swapping of two tetrahedra forming a convex configuration to
three tetrahedra,

2) Swapping of three tetrahedra forming a convex configuration
to two tetrahedra,

3) Swapping of two tetrahedra having two faces belonging to one
plane to two tetrahedra.

The criterion of swapping is usually the Delaunay circumsphere
test, but other quality measures are possible. If the circumsphere test
is used and the insertion is into an existing Delaunay triangulation,
the Delaunay grid will be produced.23

IV. Advancing Front Insertion of Boundary Nodes
Along with Boundary Recovery

The following algorithm minimizes the amount of search dur-
ing Delaunay incremental point insertion and simultaneously pro-
vides recovery of the majority of missing faces by three-dimensional
swapping without altering the boundary triangulation. The method
is suitable for hybrid grid generation when altering of the boundary
surface is not desirable. The algorithm is based on the advancing
front concept and consists of the following steps.

1) Preparation of the front. The initial front is formed by one
triangle. Consider any face from the boundary triangulation, which
is not yet recovered, and insert its three vertices into the tetrahe-
dral construction using the Delaunay insertion algorithm. Mark the
tetrahedral face coinciding with the boundary face, and put its three
edges into the front list. The marked face cannot be altered thereafter.
Mark the frontal edges as active.

2) Advancement of the front. Pick up any active edge from the
front (Fig. 2). Its two endpoints are already inserted into the tetrahe-
dral construction. Locate the next node to be inserted from this edge
according to the boundary surface triangulation. To locate the tetra-
hedron containing the new point, only a few tetrahedra surrounding
the frontal edge must be visited. Insert the node directly into the
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current front

\ X boundary face not yet considered
\/

l||v recovered boundary face

fe^ skipped face which cannot be recovered by
the current method

Fig. 2 Advancing front recovery/insertion algorithm.

tetrahedron, and apply edge swapping with the Delaunay criterion.
Check whether the new boundary triangle exists in the tetrahedral
grid. This is a local search through tetrahedra sharing the edge under
consideration. If the face does exist, go to step 6; otherwise go to
step 3.

3) Recovery of the edges. Check all edges of the boundary face.
If all edges exist in the tetrahedral mesh, go to step 4; otherwise per-
form successive three-dimensional edge swapping for all faces in-
tersecting the missing edge; see details in Ref. 17. If all edges are re-
covered, go to step 4. If some edges cannot be recovered, go to step 5.

4) Recovery of the face. If the face is already recovered, go to
step 6; otherwise recover the face by successive three-dimensional
swapping of all faces intersecting the considered triangle. If the face
is recovered, go to step 6; otherwise go to step 5.

5) The face cannot be recovered by three-dimensional swapping.
Skip the face. Mark the frontal edge as nonactive, and go to step 2.

6) Mark the face as a boundary face. Update the front. If the front
is not empty, go to step 2.

7) If some boundary triangles were not considered (there are two
or more separate surfaces), go to step 1.

8) If some faces could not be recovered by the preceding algo-
rithm (black faces in Fig. 2), perform edge swapping of the bound-
ary surface for all edges separating two missing faces. At first, all
such edges are swapped according to the local MaxMin (Delaunay)
criterion. If some missing edges remain, examine all edges sep-
arating two boundary faces that are not yet recovered. If at least
one swapped face exists in the tetrahedral construction, swap the
edge. If a swapped edge exists in the tetrahedral construction, swap
the edge. Repeat swapping until no more edges can be swapped. If
the dihedral angle between the two boundary faces exceeds some
threshold or the two faces belong to different surfaces, swapping is
not permitted.

9) Perform direct division of tetrahedra for all missing faces.
Step 9 implies extra point insertion along the boundary. Actu-

ally, its employment is undesirable, and it should be used only if all
other methods fail. This might occur, for instance, when two sharp
corners are near each other or more than two surfaces are located
closer than their point spacing. In such cases, extra nodes are in-
serted in the triangulation. A direct division of tetrahedra is used to
recover the missing faces. This method was proposed originally by
Weatherill and Hassan.13 We have proposed a simplified algorithm,
which provides the same result, but the number of cases to consider
is significantly reduced.17

V0 Generation of Prisms
We assume here that the Delaunay background grid composed

of boundary nodes is already generated and the boundaries are re-
covered. This grid serves as an efficient search data structure for
finding possible intersections of prismatic layers and for checking

local isotropic grid spacing. The prism generation procedure is com-
posed of the following steps.

1) Compute the distribution function for every boundary node as
an average of the boundary edge lengths surrounding the node.

2) Identify all viscous boundary surfaces. Each viscous boundary
point is associated with a node-normal.

3) Initialize the data structure for normal point placement. The
viscous boundary surface serves as an initial zero layer. For each
boundary point, save its layer level and pointer to the preceding
point. For each normal, assign the termination flag and number of
the last layer obtained from the normal. By default, all flags are off
and the last-layer numbers are zero. Set the counter of current level
/ to be generated to 1.

4) Determine face normals for layer (/ — 1).
5) Determine the node-normal vectors for nodes from layer (/ —

1). The marching direction is based on the node manifold, which
consists of the group of faces surrounding the node to be marched.
The normal vectors for any point must be visible from any face
surrounding the node and belonging to the same prismatic layer.
According to Ref. 11, the node-normal vector lies on the bisection
plane of the two faces on the manifold that form the wedge with the
smallest angle. Its location on this plane is determined by bisecting
the visibility region on the plane.

6) Smooth the node-normals Vby weighted Laplacian smoothing:

Vi =

where V* and V/ are the initial and final marching vectors of node
/, respectively; index j denotes all surrounding nodes belonging to
the manifold of node i; and a?/,- is the distance between nodes i and
j. Smoothing is not performed for corner points whose manifold
angle departs from 180 deg by more than 20 deg. This smoothing
step enhances the quality of generated prisms near sharp corners.

7) For current layer /, determine the marching step size d, —
A/tost'"1 and compute the characteristic distance between the cur-
rent layer and the boundary surface:

These distances are fixed for the entire layer and determined only
by the stretching factor st and the current layer number / (Fig. 3).

8) For each point from the previous layer (/ — 1) whose termina-
tion flag is off, advance along the smoothed node-normal V/. The
advancing distanced/ is computed as d\ = ^(sina/)"1, where a/ is
the minimum angle between the averaged node normal V, and the
manifold of node i. For convex manifolds whose angle departs from
180 deg by more than 20 deg, the advancing distance is decreased
by a factor of 0.8 to smooth the convex corners. It is not necessary
to increase the marching step for concave corners because, unlike
conventional prismatic generators, advancement along any normal
can be terminated if a distorted prism is expected. Thus, fine grid is
generated inside the concave corners (Fig. 4).

9) Using the background Delaunay grid as a search data struc-
ture, check the distance between the prospective point and the clos-
est boundary surface. If the distance is less than the current layer
thickness Dh reject the point and switch the termination flag for
this normal to on. This step is used to eliminate possible mutual
intersections of prisms.

Fig. 3 Definitions of D/ and d[. Dashed lines correspond to Delaunay
background grid.
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a) Conventional prismatic method b) Our method
Fig. 4 Treatment of concave corner.

10) Using the Delaunay grid, interpolate the distribution function
to the prospective point. If the distance from the preceding layer
d\ exceeds the distribution function for the prospective point, reject
the point and switch the termination flag for this normal to on.
This step is a natural termination of stretched grid generation when
the marching step becomes comparable to the local isotropic grid
spacing.

11) Place accepted prospective points into the normal placement
data structure. It is important that we do not insert these points into
the Delaunay grid.

12) Examine the shape of newly generated prisms. If a distorted
prism is produced, remove its last three vertices and terminate the
corresponding normals.

13) For each normal that was advanced, check the surrounding
normals. If there are normals whose final layer level differs from the
current level by two, reject the newly inserted point and terminate
the normal. This is necessary to prohibit jumps of the inflated surface
by more than one layer.

14) For each marched normal, check its surrounding normals. If
there are normals whose final layer differs from the current level by
one, merge the lately inserted point to its origin and terminate the
normal (see points A, B, and C in Fig. 3). This step is performed to
smooth the inflated surface. Some pyramids and tetrahedra can be
obtained on this stage.

15) If some points were inserted, increment the current layer / by
1 and go to step 4.

16) Form new boundary data structure for Delaunay tetrahedral
grid generation.

17) If some boundary edge is to be swapped during the boundary
recovery procedure, translate the changes back to the prismatic grid.
Make sure that no negative volumes occur after this step. If such
negative volumes do occur, place a new node into the middle of the
considered boundary edge and translate the new node back to the
prismatic grid.

Symmetry planes and inlet/exit surfaces are not required to be
inflated. We apply special treatment for these surfaces. The algo-
rithm is modified to keep the corresponding normal vectors along
the surfaces. After the prismatic grid is generated, the surfaces are
retriangulated according to the new inflated boundaries.

VI. Interior Node Generation
The interior nodes are generated by a frontal Delaunay refine-

ment technique similar to those proposed by Marcum3 and Muller.8
This technique does not require tracking of the front. The current
implementation of the method is as follows.

1) The distribution function for an inflated boundary is already
known from the step of prismatic grid generation.

2) The active flag is assigned to all tetrahedra. The flag is off if
the tetrahedron cannot be refined. This is assumed to occur when
its maximal side length is less than the average distribution function
for the tetrahedron.

3) All faces are inspected. If the face is an interface between an
active tetrahedron and tetrahedron that is turned off or if the face
belongs to the boundary and its neighboring tetrahedron is active, a
new point is created by advancing from the face in a direction nor-
mal to the selected face. The distance is determined by the average
distribution function for the face.

4) The element containing the new point is searched.
5) The distribution function is interpolated to the new point. The

existing points whose distance from the new point is less than 0.7
times the point distribution function are searched. If the new point

is too close to an existing point, the new point is rejected and step 3
is performed.

6) Insert the new point using the Delaunay incremental insertion
algorithm. Assign the active flag to all newly created or altered
tetrahedra.

7) Repeat steps 3-6 until no more points can be inserted.
8) Optimize the mesh by swapping with the MinMax criterion.
For some applications, the computational domain may contain

considerably different boundary spacing scales. In the case of an
airplane, its surface and outer boundary spacings have considerably
different scales. This may result in sharp transitions between fine and
coarse tetrahedra. Thus, some stretched high-aspect-ratio elements
might be generated near leading edges or tips of a wing. To avoid
such situations, at step 5 of the original procedure, we determine
the distribution function for the new point by taking a minimum
instead of interpolating. After the point is inserted, we change its
distribution function to the original (interpolated) one.

VII. Examples
Several three-dimensional configurations are presented in this

section to demonstrate the capability of the method.

A. Three-Dimensional Internal Geometry
An example of a hybrid grid for an internal geometry is shown

in Fig. 5. The geometry represented here is an 11-deg sector of a
cylinder. Part of the boundary surface cut by a plane is shown. The
upper part shows the prismatic part of the grid. This simple geometry
is characterized by a sharp concave corner and two walls that are
close to each other. An enlarged area of the corner is shown on
the right. Conventional prismatic grids usually have trouble treating
such cases. However, the proposed method of removing intersecting
prisms provides an automatic and good solution to the problem.
Recovery of the inflated surface using the proposed algorithm causes
no problem despite the very small distance between two inflated
surfaces.

B. Boeing 747
A hybrid grid for a Boeing-747 wing-fuselage-nacelle config-

uration is presented in Fig. 6. The inflated surface for this case
is extremely complex. A part of this surface corresponding to the
junction between the wing, pylon, and nacelle is shown (Fig. 6,
right). No problems occur during boundary recovery. Some cuts of
the grid across the wing are also shown. A smooth transition from
prismatic to tetrahedral elements can be observed.

C. ONERAM5
A part of a grid for an ONERA M5 airplane is shown in Figs. 7

and 8. Part of the inflated surface around the tail is shown, as well as
the cutting plane across the tail. A stepped structure of the inflated
surface can be observed. This can also be seen on the cutting plane.
The steps of the inflated surface are a result of the local distribu-
tion function, which terminates the generation of prisms where the
tetrahedral grid spacing is small (around leading edges and corners).
Thus, the prismatic layer is thin around leading edges of wings.

All of these grids were generated automatically, and no extra
points were added during the boundary recovery process. The SGI
Indy (MIPS R4600,100 MHz) workstation was used. The required
CPU time strongly depends on the ratio between the number of
prismatic and tetrahedral elements. Tetrahedra are much more ex-
pensive than prisms because edge swapping is required. Generation
of 260,000 tetrahedra takes approximately 1 CPU hour. The CPU
time for tetrahedral grid generation is greater than that reported by

Fig. 5 Hybrid grid for 11-deg sector of cylinder: part of boundary
surface and cutting plane.
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Fig. 6 Hybrid grid for wing-fuselage-nacelle configuration of Boeing 747-200.

Fig. 7 ONERA M5 grid: original and inflated surfaces around tail.

Fig. 8 ONERA M5: grid cut across tail.

other authors (see, for instance, Ref. 21. There are several reasons.
One of them is that we do the local edge swapping every time that
the new node is inserted. This procedure guarantees retention of
the Delaunay property. The other reason is the boundary recovery
procedure, which is designed to maintain the original surface trian-
gulation as much as possible, but a price must be paid in an extra
CPU time. The required CPU time can be significantly reduced, but
it was not necessary in our computations; therefore, our priorities
were mainly in the field of robustness and grid quality.

The method is able to generate the stretched grids of any aspect
ratio and of any initial normal spacing. This follows naturally from
the prismatic grid generation algorithm. The only problem may arise
in the regions of sharp concave corners (see, for instance, Fig. 5),
where generation of prisms is problematic. However, usually it is
not necessary to have high-quality stretched grid there because of
the physics of the flow in such regions.

VIII. Conclusions
The proposed method has been shown to be robust for complex

geometries. No user intervention is required during the grid gener-
ation process, and only the boundary surface should be specified in
advance. The efficiency of using the Delaunay background grid as
the data structure for checking prism intersections and for the auto-
matic termination of prism generation has been shown. The method
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is able to generate stretched grids of any respect ratio. The combined
advancing front boundary recovery method permits the generation
of tetrahedral grids for complex surface geometries.
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